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Abstract 

In this paper, we study Einstein gravity with a minimally coupled scalar field accompanied 
with a potential, assuming an 0(4) symmetric metric ansatz. We call an Euclidean instanton 
is to be an oscillating instanton, if there exists a point where the derivative of the scale factor 
and the scalar field vanish at the same time. Then we can prove that the oscillating instanton 
can be analytically continued, both as inhomogeneous and homogeneous tunneling channels. 

Here, we especially focus on the possibility of a homogeneous tunneling channel. For the 
existence of such an instanton, we have to assume three things: (1) there should be a local 
maximum and the curvature of the maximum should be sufficiently large, (2) there should 
be a local minimum and (3) the other side of the potential should have a sufficiently deeper 
vacuum. Then, we can show that there exists a number of oscillating instanton solutions and 
their probabilities are higher compared to the Hawking-Moss instantons. 

We also check the possibility when the oscillating instantons dominate over the Coleman- 
DeLuccia channels. We find that some flux compactification models can satisfy such conditions. 
Thus, for a general vacuum decay problem, we should not ignore the oscillating instanton 
channels. 
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1 Introduction 



In the context of inflation, the first order phase transition has been attributed to be an important 
physical aspect. Although there are many issues to be addressed, we will only focus on some of 
them. First, it was speculated that inflation will be finished by a first order phase transition pQ; 
although it was noticed later that it is not sufficient to end inflation [2]. Second, even though it 
is not so useful for the primordial inflation, if there is secondary inflation for some cosmological 
purposes [3], then the first order phase transition can be quite important to end the process. This 
leads to some observational signatures [3]. Third, in the context of cosmic landscape and multiverse 
[5] , the first order phase transition is indeed the mechanism to populate all vacua during the eternal 
inflation. Therefore, to understand the probability assignments of the multiverse (measure of the 
multiverse), we need to know about the various tunneling processes. Fourth, in string cosmology, 
there exist some phenomenological models with flux compactification [B]. The question is whether 
such a model is viable for realistic cosmology or not. One of the criterion for that, at length, is 
the existence of a de Sitter vacuum with sufficient lifetime. To understand this problem, we have 
to know all the possible processes of vacuum decay. Fifth, if we live in a large bubble and if the 
bubble collision happens with a large size (larger than the Hubble size) , then it can cause a kind of 
anisotropy in the cosmological signatures, and it may be observed [7]. 

The vacuum transition process is a non-perturbative phenomena. The useful way to make sense 
of such non-perturbative problem is by taking recourse to Euclidean method. For general problems, 
the initial state can be approximated by the ground state. Then, the ground state wave function 
can be described by an Euclidean path intengral [5] , and this path integral can be approximated as 
a sum over all instantons [S] [10J . Therefore, the usual way to find vacuum transition channels is as 
follows: (I) find an instanton and (2) analytically continue it to the Lorentzian signatures and (3) 
finally check the subsequent time evolutions. 

In the literature, we are familiar with two famous Euclidean instantons for the vacuum decay 
process. For example, we know the Coleman- DeLuccia instantons for inhomogeneous tunneling 
[llj and the Hawking-Moss instantons for homogeneous tunneling |12j . The Coleman-DeLuccia 
instanton describes the tunneling between two local minima. Initially, all fields are in the false 
vacuum, and after the transition, a small true vacuum region appears. Between the two regions, 
there is a gradient of the field and it works as a wall with tension. If the wall can be made 
sufficiently thin, we can make use of the thin- wall approximation, and in this case, we can write an 
analytic formula for the probability. On the other hand, the Hawking-Moss instanton describes the 
tunneling from a false vacuum region to the local maximum of the potential. One interesting point 
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to remember is that the tunneling seems to happen homogeneously. Of course, it does not imply that 
the whole universe (possibly of infinite size) tunnels to the local maximum at the same time; it does 
not make any sense. A more reasonable interpretation comes through the stochastic approach |13) . 
If short length modes of quantum fluctuations can be sufficiently suppressed, then the field dynamics 
smaller than the Hubble scale can be approximated with a homogeneous random walking of the 
field. This is described by the Langevin equation and, similar to the case of a the Brownian motion, 
all the possible ensembles will now give a statistical distribution. The statistical distribution will 
be described by the Fokker-Planck equation. One impressive result is that the stationary solution 
of the Fokker-Planck equation may correspond to the probability of the Hawking-Moss instantons. 
This explains why the Hawking-Moss instanton looks like a homogeneous tunneling process. 

We are aware of many examples with possible extensions of the Coleman-DeLuccia type in- 
stantons. We can consider not only the small bubbles (smaller than the background cosmological 
horizon) but also the large bubbles (larger than the background cosmological horizon) [14] . One 
can consider modified gravity and small false vacuum bubbles in the Jordan frame [15] . False 
vacuum bubbles are related to the bubble universe jTHj- One can also observe the tunneling of 
the tachyonic potential, where in general this cannot be described by the thin-wall approximation 
[17j . If gravitational effects become significant, then one can encounter non-trivial instantons due 
to gravitation. 

However, if we compare this development with the homogeneous tunneling channel, we find very 
few applications that extend the Hawking-Moss type instantons. If we analytically continue all field 
values to be complexified functions, as in the case of the no-boundary measure [3] [TO] [H] [H] > then 
we may obtain more instanton solutions. Before studying this process, in this paper, we will show 
that there are still quite a few real valued (not complex valued) instanton solutions with non-trivial 
field dynamics as homogeneous tunneling channels. 

This type of solution has already been investigated in the literature [2U][2I]- However, in those 
papers, they described the instanton solutions in an approximated way: they fixed a gravitational 
background, and considered the scalar field dynamics only. The dynamics with full gravitational 
back-reactions was studied by the authors [22j . However, in the previous literature, the authors 
only considered the solutions as inhomogeneous tunneling channels, while the present paper we will 
focus on the homogeneous channels. 

In this paper, we will call our new instanton solutions as the oscillating instantons. We use both 
analytic and numerical ways to describe the field dynamics and the gravitational back reactions at 
the same time. We will now discuss 

• the definition and possible analytic continuations (Section 13. ip . 
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• conditions for existence and properties of oscillating instantons (Sections 13.21 and 13 . 3|) . and 

• finally, the comparison with other tunneling channels (Section 2]) . 



2 Preliminaries 

In this section, we will discuss the basics of homogeneous tunneling channels. The most common 
one is the Hawking-Moss instanton. After complexification, we can generalize them to the fuzzy 
instantons. In this paper, we will discuss instantons that are not quite the same as the Hawking- 
Moss instantons or the fuzzy instantons, either. 



2.1 Hawking-Moss instantons 

The wave function of the universe to describe its ground state is as follows [8 : 

*[V»%] = / ?W> e~ s ^\ (1) 

J dg—h,d(p—x 

where h^ v and x are the boundary values of the Euclidean metric and the matter field 4> which 
are the integration variables and the integration is over all non-singular geometries with a single 
boundary. Here, we will consider the Euclidean action 

Se = ~ J dW+S (j^R - \(y<i>) 2 - . (2) 

We choose the minisuperspace approximation: 

ds| = drj 2 + p 2 (rj) (d X 2 + sin 2 X {dO 2 + sin 2 8d^ 2 ) ) , (3) 



and then the Euclidean action reduces to 



S E = 2tt^ / dri 



(4) 



We use the steepest-descent method and consider only the on-shell solutions to count the proba- 
bility from the path- integral [3] [TU] [H] [IH] ■ We solve the classical equations of motion for Euclidean 
as well as Lorentzian time directions 

4> = -3^±V", (5) 
P 



fp(0 2 ±^), (6) 



where the upper sign is for the Euclidean time and the lower one is for the Lorentzian time. Then 
the on shell Euclidean action is given by 

S E = 47r 2 fdrjUv-^pY (7) 



When V'(4>o) — 0, we can find an analytic solution: 



0o (8) 
— sin Hij, (9) 



where H = y/%nV{(j)Q)/Z. Here, we have used the regular initial conditions 

p(0) = 0, p(0) = l, 0(0) =0, (10) 

at r\ = 0. 

We want to analytically continue the solution to the Lorentzian manifold using drj — idt. Then 
at the turning point 77 = ?7 m ax, we have to impose the following 

p(t = 0) = p(rj = rj max ), p(t = 0)=ip(i] = r] max ), (11) 
0(t = O) = <p(v = Vm^), 4>{t = 0)=i4>{v = rb m ), (12) 

as derived from the Cauchy-Riemann condition. Unless p(r} m ax) — <f>{Vmax) — 0, we should have 
complex valued functions for </> and p for the Lorentzian time t. Therefore, we can analytically 
continue the solution only at ?7 m ax = Tr/2-ff; thus preserving the real valuedness of the functions for 
all 77 and t. 

In this particular case, the on-shell action becomes 

5e ^i^oT (13) 

If this instanton mediates a tunneling from a local minimum <fi m to a local maximum 0m of a 
potential, then we obtain the tunneling probability to be, 

P ^ CXP (^k)~^k))- (W) 
This is known as the Hawking-Moss instanton |12) . 

2.2 Generalization to fuzzy instantons 

We can generalize our solution to complex valued functions. Of course, for a long enough Lorentzian 
time, we expect all functions to be real. This condition is related to the classicality condition [9"]|10j. 
Due to the analytic continuation to complex functions, the action is in general complex, so that 

Ma,x]=A{a,xV Sla > x] (15) 

with A, S being real. If the rate of change of S is much greater than that of A, i.e., 

\ViA(q)\<Z\ViS(q)\, I=l,...n, (16) 
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where I denotes the index of the canonical variables, then the wave function describes an almost 
classical behavior [5] [TO ] [Tg] [ 15 ] . 

Let us consider the situation when all functions p and <f> are complexified by p^ c + ip^ m and 
(jr^* + i(fP m . Then the required initial conditions for regularity are 



P(0? m 


= o, 


P(0f c 


= 1, 


P(0) 3m 


= o, 


0(O) 3m 


= 0. 



(17) 
(18) 
(19) 
(20) 



At the junction time r\ — ^ max , we paste p{r\) and 4>{rf} to p(t) and 4>{t) using Equations (ITT1) and 
(|12p. The remaining initial conditions are the initial field value 0(0) = <t>oe lS , where </>o is positive 
valued and 9 is a phase angle. After fixing <pQ, by tuning the two parameters 9 and the turning 



point 7/ max , one can find a classcialized instanton solution 



. If there exists a classical history, 



then we may calculate a meaningful probability for the classical universe. 
Around the local maximum of a tachyonic potential 

V(4>) = V -±m 2 <f, 



(21) 



as appeared in the authors' previous paper [19] , we numerically classified all fuzzy instantons around 
the local maximum, by defining p? = m 2 /Vq. 



• Slow-rolling case: p? < 1 



exp 



8 \V(M 



1 

Vrn 



d<t>o 



(22) 



Fast-rolling case: p? > 10 



exp 



8 \Vo 



1 



A0 O 



(23) 



Here, the allowed field space is 



p 1 for p 2 < 1 

exp—cp for p 2 > 10 



(24) 



with c ~ 2.11. Therefore, we can conclude that if p 3> 1 around the local maximum, the field space 
which allows fuzzy instantons shrinks exponentially. 
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2.3 Motivation for this paper 

A new channel of homogeneous tunneling: Let us consider, for example, a double-well po- 
tential of the form 



and consider a homogeneous tunneling from the left vacuum to the left /right vacuum HI What 
is commonly known is the Hawking-Moss instanton and recently the fuzzy instantons have 
been found. 

In the present work, we will discuss quite a few solutions that mediates tunneling from the left 
vacuum to the left/right vacuum, where they have got non-trivial field dynamics (so, it is not 
the original Hawking-Moss instanton) and they are real valued functions (so, it is not the fuzzy 
instanton that we found) . In general, such discrete solutions will be subdominant compared to 
the fuzzy instantons, since they have measure zero over the on-shell solution space, while the 
fuzzy instantons have non-zero measure. However, when /x 2 becomes sufficiently large, A</>o 
will exponentially decrease. In this limit, if we compare using a proper measure including the 
off-shell space, then a discrete number of solutions are comparable with the fuzzy instantons 
with exponentially small field space. In this limit, our new solutions are thus quite useful as 
a non-trivial alternative to the vacuum transition. 

Academic interests: From the literature, we know about various kinds of Euclidean (9(4)-symmetric 
instantons or bounce solutions. However, till now, for a given instanton solution, we could ap- 
ply only one of the analytic continuations to the Lorentzian manifold: the Coleman-DeLuccia 
type X ~* 7r /2 + it or the Hawking-Moss type rj — > ?y max + it. 

In the present paper, we find an interesting example where the instanton can be interpreted 
in both ways: Coleman-DeLuccia type and Hawking-Moss type at the same time. The former 
case has already been applied and studied in depth as a bounce solution [22] . In this paper, 
we will re-interpret the same instanton using the Hawking-Moss type analytic continuation. 
Therefore, this work is of some academic interest. 

1 In this paper, we consider the case where we were initially in the left vacuum and finally the field tunnels to the 
left or right vacuum; 'from left vacuum to left vacuum' describes the situation with the field tunneling to a point 
near the local maximum, but it cannot go over the potential wall, and rolls back to the original vacuum. 




(25) 
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(A) (B) (C) 

Figure 1: (A) and (B) are examples of oscillating instanton solutions with oscillating number 
(number of local maxima of the scalar field before reaching ^ max ) 1 and 2. It is also possible 
to think a solution like (C): in this case, the analytic continuation x ~~ ^ t/2 + it is possible but 
V ? /max + it is not possible. 



r — >co 




Figure 2: Left: analytic continuation x ~^ k/2 + it. Right: analytic continuation r\ — \ r/ max + it. 



9 



3 Oscillating instanton solutions 



3.1 Definition of oscillating instantons 

We will consider Euclidean Einstein gravity with a minimally coupled scalar field given by the action 
in Equation @. In addition, we assume the 0(4)-symmetric metric ansatz as in Equation (J3J). Then 
the system of scalar field <f> and metric p is governed by two second order differential equations, 
namely Equations ((SJ and ((5]), with initial regular conditions at r\ = given by Equation (|10l) . 

Definition A set of solutions for the Einstein and scalar field equations in Euclidean signature 
p(rj) and <j>{jj) is an oscillating instanton, if there exists an Euclidean time rj max > such that 

P(??max) = <f>(r]max) = 0. 

We can observe the following two properties: 

1. Let us consider the field ansatz for p(r}) and </>(r?) as follows: 

p{rj) = p(i]), (f)(r/) = (j>{rj), for < 77 < ry max (26) 
p(rj) = p(2r/ max - 77), <t>(rj) = (f>(2i] maK - rj), for r? max < 77 < 2r) max , (27) 

where p(n) and 4>{rj) is a solution for < rj < ?7 max . Then, p(r/) and 4>{ri) are indeed solutions 
of the Einstein and field equations, if they satisfy p(r] max ) — </>(?7max) = 0, because at the 
junction rj = T/Wx, the field values and their first derivatives should be continuous (e.g., (A) 
and (B) in Figure [T|). 

Therefore, for a given oscillating instanton solution for < rj < i] max , we can extend it 
for f7 ma x < rj < 2?7 max . Now, by definition, /9(2?7 max ) — 0. In other words, if we analytically 
continue \ — > 7r/2 + i/j, then the manifold has zero area regions (r = 0) at 77 = and 77 = 277 max . 
Therefore, we will infer that one domain is nucleated between two universes in the Lorentzian 
signature (Left in Figure [5]). 

2. If we turn to the Lorentzian time by 77 — > 77 max + it, to satisfy the analyticity and reality 
conditions, we have to assume p(jj max ) ~ 0(?7 max ) = 0. Therefore, for a given oscillating 
instanton solution, one can analytically continue it to the Lorentzian time by 77 — > ?7 max + it 
at 77 max (Right in Figure [5]). 

There are few more comments to follow. (A) and (B) are examples of oscillating instantons with 
oscillating number (number of local maxima of the scalar field before reaching ?7 max ) 1 and 2^ For 

2 This particular convention to label a number is different from that of 20 ; they counted the number by counting 
the number of fields crossing the local maximum of the potential. 
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odd number of oscillation, after the r\ — > r) max + it rotation, the field rolls to the original vacuum 
(the field at the turning point is the one at the left side of 4>m)] for even number of oscillation, 
after the r\ — > ?y ma x + it rotation, the field rolls to the other side of the vacuum (the field at the 
turning point is the one at the right side of </>m)- For the cases (A) and (B) depicted in Figure [TJ to 
justify both the analytic continuations of Left and Right of Figured! what we need is the definition 
of the oscillating instantons (in other words, it does not depend on the conditions of the potential 
further). One interesting extension of the case is (C) in Figure[TJ here, we need a certain symmetry 
for the potential (e.g., V{<t> — 4>m) = V(tf> + 0m)), and the analytic continuation x ~^ t/2 + it is 
possible but rj — > 7y max + it is not possible. In this paper, we will not discuss the details of type (C). 

3.2 Properties of oscillating instantons: Double-well potential 

To study the existence and the properties of oscillating instantons, we first study the simplest case 
given by, 

V{4>) =V (l- i M 2 2 + ^A0 4 
Here, one can define the following rescaling of the variables, 



(28) 



dv -> (29) 



P 



P -> -jfr- (30) 



Then we can obtain the rescaled action to be 



Si 



S^f Q (31) 



and the rescaled potential to be 



V(<P) (32) 

Therefore, without any loss of generality, we can choose Vq — 1 and finally one can restore this back 
to the results. In this subsection, we will choose Vq — 1. The local minimum is at ±y/6pJ]X. We 
choose the vacuum energy at the local minimum to be zero: A = 3/x 2 /2. We choose such that the 
potential becomes sufficiently steep around the local maximum [i 2 3> 1. 

3.2.1 Around the local maximum: Maximum number of oscillations 

Around the local maximum, we can write the potential as 

V{4>) = 1 - \p?<f. (33) 
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When we consider fast-rolling fields around the local maximum, we may approximate the scalar 
field by (p ~ Asmwq. In this limit, we can reasonably approximate the Einstein equation by 

P 2 = l + fp 2 - (34) 
If we define Hq = 87r/3, then the solution for the metric factor becomes 

which satisfies the initial conditions p(0) = and p = 1 for regularity. Then p(tt/2Hq) = is a 
plausible candidate of the turning time to paste the Lorentzian manifold dt = —idrj. 
Now we can write the equation for the fields as follows: 

4> + 3H <j) cot HqT] + p 2 (f> = 0. (36) 

Note that 

cot H Q ri -> (37) 

around the turning point r] = tt/2Hq. Therefore for Hot — > tc/2, 

cj,(r)) = Ci cos (jaj + 6) , (38) 

where C\ and 5 are determined by initial conditions. The oscillating frequency around the turning 
point is fi; hence, the maximum number of oscillation N before the turning time will be approxi- 
mately given by 

N < 2 >< (tuning time) ^ j> ^ 
(oscillation period) 2/io 

Therefore, for the existence of oscillating instantons, we require fi > 5.9 or p? > 35 [2U] . 



Figure |3] denotes solutions for <fi(0) = 0.0001 x y/ 6/i 2 /A such that the initial condition is near 



the local maximum. Two plots denote (j>(rf) / <t>(G) and p{t))/pMj where pM = \/3/87r. p — appears 
around r/ ~ 0.54. If there are <f> — points for r] < 0.54, then there are still some hope to see 
the oscillating instanton solutions by tuning 0(0). For p? = 1000, at least 4 peaks appear for </>; 
for p? = 10000, at least 16 peaks appear for <f>. Thus, as we tune the initial condition (f)(0), there 
are some hope to see 4 or 16 oscillating instantons in principle. Note that our previous analytic 
estimations for maximum number of oscillations are pretty good: for p? — 1000, the maximum 
number is 0.17 x p ~ 5.3; for p? — 10000, the maximum number is 0.17 x p, ~ 17. 
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i<t>(ri)/<t>(0) 



p(n)/pw 



H 2 =1000 



0.2 0.3 0.4 0.5 



H 2 = 10000 



Figure 3: Solutions for 0(0) = 0.0001 x ^/6/i 2 /A suchthat the initial condition is near the local 



maximum. Two plots denote 4>(rf) / (f)(0) and p(rj) j pyi, where pm = y/3/8w. p = around r\ ~ 0.54. 
If there are <fi = points for ?y < 0.54, then there is a hope to see oscillating instantons by tuning 
0(0). For p? = 1000, at least 4 peaks appear for 0; for p? = 10000, at least 16 peaks appear for 0. 



3.2.2 Around the local minimum: Existence of oscillating instantons 

Around the local minimum, we can approximate the potential by 

1 



V(4>) = -M 2 i 



with a certain mass scale M around the local minimum. We assume 



(40) 



p{rj) ~ r] 



and hence it is approximately flat. 

Then the scalar field equation becomes 

■; 3 • 



— M 



V 



= o. 



Thus the general solution is given by 



M„\ , , r Ji(-iMy) Y 1 (-iM v ) 

9(11) = (Pm + <^2 h C 3 - 



(41) 



(42) 



(43) 



where C2 and C3 are determined by initial conditions. For the finiteness at 77 = 0, we have to choose 
C3 = and the solution for 77 1 can be approximated as 



(44) 



Therefore, as (f)(0) approaches <f) m , the scalar field slowly rolls up. By tuning the initial condition 
0(0), we can in principle control the scalar field to have arbitrarily long time around the local 



minimum. 
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In Figure HI for a given p? = 10000, we vary initial conditions 0(0) = 4> m (l — 2 ), where 



4> m = yj 6/i 2 /A. As k increases, the initial condition exponentially approaches the local minimum. 
For small k, as was the case in Figure [3l we can see 16 extrema for <f>. For small 77, the initial 
condition approaches the neighborhood around the local minimum and the scalar field spends 
longer and longer time near the local minimum. For sufficiently large fc, for example k = 28, we 
can see that the number of local extrema is 11. 

Therefore, between k = 1 and k = 28, the local maximum of p and the local extrema of <f> 
coincide 16—11 = 5 times. This is explicitly represented by Figure [5] The blue curve is the 
location (77) of the local maximum of p (i.e., 77 for p(rj) = 0) as a function of k. The red and black 
curves are the locations of the local extrema of (f> (i.e., 77 for 0(ry) = 0) as a function of k. Here, black 
curves denote the local minima and red curves stand for local maxima. Therefore, if the blue curve 
and the black/red curve coincide, the corresponding initial condition gives an oscillating instanton 
solution. 

Both the Figures 2] and [5] clearly show that more the initial condition approaches the local 
minimum, more does the field spend the time around the local minimum. Then, the blue curve and 
the first local extrema for (f> will eventually meet for sufficiently large k. Therefore, this can confirm 
that if a double-well potential allows for maximum number of oscillations N , then there exist N 
number of oscillating instantons by tuning the initial condition. 

3.2.3 Hierarchy of probabilities 

Let us denote the Euclidean time of the first peak of the scalar field by 770. We can approximate 
this solution as follows. (Here, we want to calculate the Euclidean action approximately; therefore, 
we do not have to worry about the continuity of the solution.): 

• V i5 Vo 



0(77) ~ VevVA, (45) 

p(rj) ~ 77. (46) 



<KV) - 0- (47) 
p(v) - sin ff ?7, (48) 

-no 



where H — y/8irVo/3. 



Also, one can observe from Figure [5] that 770 cx k where (f)(0) — yj 6/i 2 /A(l — 2 k ). 
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Figure 4: Solutions for = 10000. By varying k, where (f)(0) = y/6fi 2 /X(l - 2~ fc ). As k increases, 
the initial condition exponentially approaches the local minimum y 6// 2 /A. 
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Figure 5: The location r\ for p = (blue) and <p — (red, black) by varying k, where 0(0) = 
y / 6// 5 7A(l - 2~ fc ). When the blue and red/black curves do coincide, there exists an oscillating 
instanton. Black curves stand for local minima while red curves stand for local maxima of 4>(rj). 



Therefore, the Euclidean action becomes approximately (rjoHo < 1) 

rVa / o \ rn/2H / o 

S E ~4n 2 - — V ) d V + 4n 2 / I p 3 V - —p) d V . (49) 



8tt / J m V 8tt 



For convenience, we define the action difference by ASe such that 



^-1-1^)-^ * (50) 

- -\^ 2 V 4 + o({H, m f) . (51) 

When we compare this with the numerical calculations (p 2 = 10000), the relation between tjq 



and k is approximately linear: 770 ~ 0.0052/c. Therefore, we expect that the action difference will 
be approximately given by ASe ~ —8.42 x 10 -9 x k A . Figure [6] contains the numerical results of 
the action difference ASe and we can notice that our rough estimation is not bad: ASe — Ck A , 
where C ~ (-5.9 ± 0.17) x 10~ 9 . 

For larger r) limit (or larger k limit), the action will approximately increase to 

rt 37T / 7T \ 2 97T 2 

Se - -t[2h ) =-mv ' (52) 

,Sl - 3.7. (53) 



-3/16Vb 
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Figure 6: The Euclidean action difference ASe as a function of k. The red curve fits the function 
AS E = Cfc 4 with C ~ (-5.9 ± 0.17) x 1(T 9 . 

Therefore, for large k, the action will increase almost by four times compared to that of the original 
Hawking-Moss instanton. 

3.3 General conditions for existence of the solution 

Now we are in a position to illustrate the general conditions for the existence of the solutions. 
Up to now, we considered a double-well potential, especially for the numerical study. However, the 
analytic discussion of Section I3T21 does not crucially depend on the double- well potential. Therefore, 
we can reasonably generalize our case to various other potentials (Figure [7]). 

1. The potential has a local maximum with fi > 5.9. 

2. The potential has a local minimum. (Let us say this local minimum as the left side.) 

3. The right side behaves as a sufficiently deeper well compared to the vacuum energy of the left 
side. 

The first condition allows for the existence of maximum number of oscillations greater than one; 
if \x is greater than 5.9, then the field begins to oscillate around the local maximum. To satisfy the 
other two conditions p = and <f> — at the same time, we have to tune the initial condition in order 
to hold the field for a sufficiently long time; the second condition (existence of the local minimum) 
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works with this. However, if the right vacuum is not sufficiently deep, then a trouble might happen: 
the field begins to roll near the local minimum, and due to sufficient energy, it rolls over the local 
maximum (i.e., it may not oscillate around the local maximum). The third condition (sufficiently 
deeper right vacuum) thus makes sure that the field 'oscillates' around the local maximum. 

These three conditions are quite general and typical for various models. Therefore, these will 
be extremely useful for various situations. 



4 Applications 

4.1 General vacuum decay problem 

As a simple application of the oscillating instantons, we will consider a vacuum decay problem. 
There are few previous known examples namely the Coleman-DeLuccia instantons and the Hawking- 
Moss instantons. In addition, we found that there are yet another kind, the so-called oscillating 
instantons. We will compare these instantons and discuss when one of them dominates. 
Let us define the following: 

• Vf : Vacuum energy of the false vacuum 

• Vacuum energy of the local maximum 

• A<p: The field distance scale of the thin-wall 

• T: The tension of the thin-wall, 

p<pt + A4> 

T~ / d^2V{4>), (54) 

and hence approximately given by ~ \/2VmA0/2. 
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Assume that, for a Coleman-DeLuccia type of bubble, the thin-wall approximation is valid with the 



condition Vf <C Vm- Here, the approximation T ~ V2VmA0/2 is due to the triangle approximation: 
f{x)dx ~ (6 — a)/2 x max/. Of course, it depends on the details of the potential, and hence 
we need to be cautious for real applications. However, in general, we may intuitively use this 
approximated relation. 

The probability for the Coleman-DeLuccia type bubble is as follows [11] [6] : 

-2 

814 V" ' 6ttT 2 



When the gravity is significant enough, i.e., Vf <C T , we can further approximate this by 

logP CDL ^4(l^). (56) 
On the other hand, the probability for the Hawking-Moss type instantons is given by, 

l0gPHM "-4 + ^ (57) 
Therefore, if we compare these two probabilities, we obtain 

, -PcDL 1 3 

l0g 7w"^"^ (58) 

To summarize, we find two limits: 

• If 37rT 2 > Vm , then Hawking-Moss type instantons (including the fuzzy instantons) are dom- 
inant. 

• If 'SttT 2 < Vm, then Coleman-DeLuccia type instantons are dominant. 

If we include the oscillating instanton solutions, first we notice that the oscillating instanton is 
always dominant than the original Hawking-Moss instantons: 

l0gP °^-8W + 8V^ a - (59) 
where a ~ 0(1) ~ 3.7 is a numerical factor. Therefore, 

• If SiraT 2 > Vm, then oscillating instantons are dominant. 

• If 3iraT 2 < Vm, then Coleman-DeLuccia type instantons are dominant. 
In other words, we obtain two clear results: 

• If jj, > 5.9 around the local maximum, then oscillating instantons are always dominant than 
Hawking-Moss instantons. 
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(A) Hawking-Moss dominates 
V(«A 



n<i 




A<|)> 1 



(B) Coleman-DeLuccia dominates 

V(«* 




A<|>< 1 



(C) Oscillating instantons dominate 

v(4>) a 



-<t> 




Figure 8: (A) is the Hawking-Moss instanton dominated case (fx < 1 and Acf> > 1). (B) is the 
Coleman-DeLuccia instanton dominated case (fi > 1 and Acj) < 1). (C) is the oscillating instanton 
dominated case (/i > 5.9 and A</> > 1). 
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• If \i > 5.9 around the local maximum and the field distance A<p is sufficiently large (i.e., A(f> > 
O(10 _1 Afpi)) such that the tension of the Coleman-DcLuccia type instanton is sufficiently 
large, then the oscillating instantons are dominant. 

We summarized the above results in Figure [5] If the potential is gentle enough (/i < 1) and the 
distance between the two vacua are sufficiently large (A<p > 1), then the Hawking-Moss instanton 
(and fuzzy instanton) dominates ((A) in Figure [8]). If the potential is sufficiently steep (/i > 
1) and the distance between the two vacua are sufficiently small (Ac/) < 1), then the Coleman- 
DeLuccia instanton dominates ((B) in Figure [5]). However, the two conditions (/i and A</>) need not 
necessarily be connected. If the potential is sufficiently steep (fj, > 5.9) and the distance between 
the two vacua are sufficiently large {A<f> > 1), then the oscillating instanton dominates over the 
Hawking-Moss instantons, since the probability of the oscillating instantons are larger than that of 
the Hawking-Moss instanton. In addition, the oscillating instanton dominates over the Coleman- 
DeLuccia instantons, since the tension of the wall becomes too large. Therefore, if the two conditions 
are satisfied simultaneously, the oscillating instantons dominate. 

4.2 Example: Stability of the vacuum in flux compactification 

For a realistic application, we will use the vacuum decay problem in a flux compactification model. 
We will use a simple toy model that compactifies from 6- to 4-dimensions [2"3"] . 
We begin with the 6-dimensional action given by 



where M,N = 0,1,..., 5 are coordinates, A^ 6 ) is the six-dimensional cosmological constant, and 
Fmn is the field strength tensor of the Maxwell field. We assume the following metric ansatz 




(60) 



ds 2 — gMN<lx M dx 



e -(V2U^/R)i>(x) 



g^dx^dx" + e 



(V2U- e /R)^) R 2 dfl 2 



(61) 



and the Maxwell field 




(62) 



where /i, v — 0, 1, 2, 3 with [t, \ 



6 



ip] and the compactified coordinates lie on a sphere [8,<p\. After 



integrating out, we obtain the following four-dimensional effective action: 




(63) 



with 




(64) 
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V 




where we choose G4 = Gq/AttR 2 = 1. 

We will not scan all possible parameter spaces; rather, we will choose reasonable parameter 
values for practical purposes: R — 0.01, e = 0.1, A' 6 ' = 0.01. To have a stable local minimum, 
n < 259 is required. Whereas see a de Sitter vacuum, n > 225 is required. Therefore, we will 
choose the smallest vacuum energy: n — 225 (Figure^. In this potential, /i ~ 6.12 around the local 
maximum and the shape of the potential is sufficiently gentle such that the triangle approximation 
for the tension seems to work quite well. Moreover, A</> > 1 is also satisfied. Therefore, for this 
simple toy model, the oscillating instanton dominates; or at least, it is comparable to the Coleman- 
DeLuccia instanton. 

Of course, it does depend on the details of the shape of the potential (or, details of the model) 
and the choice of parameters. Therefore, it is not easy to make general statements regarding the 
flux compactihcation scenarios. However, one significant result is that oscillating instantons are 
not negligible in general. We should be more careful about our conclusion whether an oscillating 
instanton channel is dominant or not, while it is quite common that they have been neglected in 
many contexts. 
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4.3 Comparison with inhomogeneous oscillating bounce solutions 

In a previous study by Hackworth and Weinberg |20j . oscillating bounce solutions were considered 
as an inhomogeneous tunneling channel. Although the definition of their solutions are not exactly 
the same as what we did in this paper, it is worthwhile to compare the two solutions. The conditions 
for existence of the oscillating bounce solutions are as follows: 

1. There is a potential with a local maximum with asymmetric left (false vacuum) and right 
(true vacuum). 

2. Around the local maximum, p > 5.9. 

Then the oscillating bounce solutions is defined for the interval < r\ < ?7fi n with the following 
conditions: 

1. 0(0) is on the right side (true vacuum region). 

2. p(0) = p( mn ) = 0, p(0) = p{ mn ) = 1, and 0(0) = 0(?7 fin ) = 0. 
3- <p(T]&n) is on the left side (false vacuum region). 

Therefore, if the potential is asymmetric, this definition does not necessarily correspond to the 
definition used in this paper. For convenience, we call our instanton solutions as homogeneous 
oscillating instantons, while the solutions of Hackworth and Weinberg can be called inhomogeneous 
oscillating bounces. 

Now let us compare the two definitions and find out some differences in between them. 

• For homogeneous oscillating instantons, they can begin from the left or the right side, although 
at the turning point, they should be on the right side of the top. 

• For inhomogeneous oscillating bounces, they should begin from the right side and should end 
at the left vacuum. 

• For both homogeneous oscillating instantons and inhomogeneous oscillating bounces, the 
smallest number of oscillations will be preferred. For the case of homogeneous instantons, 
it corresponds to a different solution from that of the Hawking-Moss instantons. For the case 
of inhomogeneous bounces, it corresponds to an almost similar solution (indeed, the same) 
to that of the Coleman-DeLuccia instanton. 

Therefore, if we assume p > 1 and A0 > 1, the Hawking-Moss instanton dominates over 
oscillating instantons or bounces. For p > 1 and A0 > 1, inhomogeneous bounce solutions are 
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most dominant; and among the bounce solutions, the Coleman-DcLuccia solution dominates over 
the other inhomogcncous oscillating bounce solutions. If /i > 5.9 and A<j> > 1, then there are 
two competitive candidates namely the homogeneous oscillating instantons that begin from the 
left side and the inhomogeneous oscillating bounces that begin from the right side. However, as 
we saw from our previous discussion, the Coleman-DeLuccia channel is subdominant compared 
to the homogeneous oscillating instanton channel for /x > 5.9 and A(f> > 1. Therefore, all the 
inhomogeneous oscillating bounces are subdominant compared to their homogeneous counterparts. 

In conclusion, it seems that the inhomogeneous oscillating bounces are always subdominant 
than the Coleman-DcLuccia instanton, while the homogeneous oscillating bounces may be dom- 
inant compared to both the Hawking-Moss and Coleman-DuLuccia channels. The basic reason 
is the following: the smallest oscillation (and thus the largest probability) of the inhomogeneous 
bounce solutions corresponds the Coleman-DeLuccia instanton, while the smallest oscillation for 
the homogeneous oscillating instanton solution corresponds the most different solution from that 
of the Hawking-Moss instanton. Rather, the largest oscillation (and thus the smallest probability) 
corresponds to the Hawking-Moss instanton, if we interpret this as a homogeneous tunneling chan- 
nel. This shows that for general oscillating solutions, the interpretation in terms of a homogeneous 
tunneling channel is more useful than an inhomogeneous tunneling channel. 

5 Discussion 

In this paper, we discuss oscillating instantons as homogeneous tunneling channels. 

We assumed Einstein gravity with a minimally coupled scalar field with an 0(4) symmetric 
metric ansatz. We define the oscillating instantons as follows: there exists ?7 max such that p(?7 max ) = 
</>(?7max) = 0. From this definition, we had two possible analytic continuations to the Lorentzian 
signature: inhomogeneous way with \ k/2 + U and homogeneous way with 77 — > ry max + it. In our 
work, we especially focused on the latter case: the so-called oscillating instantons as homogeneous 
tunneling channels. 

We studied the existence of the oscillating instanton solutions using an analytic and numerical 
techniques. The study of a double- well potential reveals that the existence of an oscillating insanton 
requires three conditions on the potential. (1) For a local maximum, fi > 5.9 is required. Then there 
are maximum N ~ 0.17/1 numbers of oscillations. (2) For a local minimum, as the initial condition 
approaches it, the field spends more and more (Euclidean) time around the local minimum of the 
potential. Therefore, if (3) there exists a sufficiently deep potential barrier on the other side of the 
potential, then this will make sure that there exists N numbers of oscillating instantons of different 
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kinds by tuning the initial conditions. 

We also computed the probability for the oscillating instantons. As the number of oscilla- 
tion decreases, the probability increases, and eventually has a higher probability than that of the 
Hawking-Moss instanton. Therefore, if there is an oscillating instanton, in general it is dominant 
compared to the Hawking-Moss instanton. 

We also compared the oscillating instanton with the Coleman-DeLuccia channel. If the poten- 
tial is sufficiently smooth, then the Hawking-Moss type instantons dominate, while the Coleman- 
DeLuccia instanton dominats if the potential is steeper. However, if we include the oscillating 
instanton solutions, we have to consider one more case with [i > 5.9 and A0 > 1, and then the 
oscillating instanton can be dominant over both the Hawking-Moss and Coleman-DeLuccia in- 
stantons. We could easily construct such an example using a toy model obtained using the flux 
compactification. 

For other special models, we should be very careful to apply our calculations. However, what 
can be definitely said is that the possibility for an oscillating instanton cannot be simply ruled out. 
We should be careful whether to consider an oscillating instanton or not in various special contexts, 
although it has been neglected in many existing literature. 
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